important to note that only for larger O 2 and smaller u/f values does the branch cut contribution become dominant (see Fig. 9 ) and accurate integration of (21) and (22) becomes necessary. The branch cut integration, when needed, can be performed much faster than that used for (13) and (14) and does not appreciably slow down the overall procedure.
VI. c o N c L u s I o N
An efficient, accurate, and complete procedure has been developed for computing Sommerfeld integrals arising in the problem of a current element radiating over lossy ground. The combination of the asymptotic and exact evaluation of these integrals enables us to compute efficiently an antenna response over a wide range of frequencies, which in turn can be transformed into a transient response. Such numerical examples have been reported for a horizontal antenna over lossy ground
[ 5 ] , [ S i , and additional [SI Y. Rahmat-Samii, P. Parhami, and R. M i m , "Transient response of a loaded horizontal antenna over lossy ground with application to E m simulators." Electromagnetics Lab., Univ. Illinois, UrbanaChampaign, Tech. Rep. 77-26. Dec. 1977 [6, ch. 121 and Baum [ 1 ] describe the use of symmetry in reducing the work in electromagnetic field calculations. Most calculations are carried out on a computing machine whose rental cost is based on a proprietary formula involving computing time and memory. Each symmetry plane used enables us to reduce the amount of memory required by a factor of one-fourth; we save, in addition, computing time because we are creating entries of and inverting a matrix, representing a discretization of an integral operator of electromagnetic scattering theory, which has half the number of rows after making use of the symmetry.
In Stratton [ 9 , is an open subset V of three-dimensional space, which we denote by R 3 (the real numbers being denoted by R ) . A point in the scattering obstacle will be denoted by r = (x, y , z) or r' = ( x ' , y ' , z'). We denote vectors in R 3 by capital letters with arrows over them: p ( r )
denotes the electric field vector at the point r . A dyad G(r, r'), a matrix in L(R3, R 3 ) (the linear transformations from R 3 into R 3 ) , is used t o describe the influence of radiation scattered from the point r' on the point of observation r . An integral equation involving G(r, r') is used to determine the field E ( r ) induced in the scattering obstacle at the point r by an external field E'i which is written as the sum e + 5 of an even function and an odd function si. Our symmetry groups are subgroups of the group Ggenerated by the operations of reflection across the three coordinate planes that is isomorphic to C2 X C 2 X C2 the exterior direct product of three cyclic groups of order two.
PROBLEM DEFINITION AND SOLUTION The basic idea in the paper of Livesay and Chen is t o divide the scattering obstacle into N small cells in each of which the induced electrical field may be assumed to be a constant vector. The integral operator appearing in the integral equation acts on the induced field by integrating a vector valued 1.inear function of the induced field over the scattering obstacle. The vector value of the integral operator at the center of a cell is then equal to a sum of integrals over each of the N cells into which the scattering obstacle is divided. In this way the problem of solving the integral equation of electromagnetic scattering is reduced to the problem of computing the entires of and inverting a 3N X 3N matrix. The rest of this paper is devoted to a systematic solution of the problem of reducing the size of this task through the use of symmetry groups. The symmetry groups under discussion are defined as follows. In our discussion we will define a large group G generated by the operators I , R 1, R 2 , and R3 ~ where R 1 ( .~1 , x 2 , X 3 ) = ( -x l , X 2 , X 3 )
(1) R 2 ( X 1 , X 2 , x 3 ) = ( X 1 , -X 2~X 3 ) (2) R 3 ( X 1 , X 2 , X 3 ) = ( X 1 , X 2 , -X 3 ) .
(3 1
Then the multiplication table for the group is given in Table I . Let
G = ( I , R~, R~. R~. R~R~, R~R~, R~R~, R I R~R~) .
(4)
and also satisfying the group axioms will be called a subgroup of G. Rigorously, a subset H of G is a subgroup of G if H contains at least one transformation T , and if U is a transformation in H (possibly equal to T), then TU-l is in H , where U-l is that element of G satisfying UU-l = U-l U = I .
The transformation group whose multiplication group is given in Table I simply permutes the octants depicted in Fig.   1 . The group G acts transitively in that it is possible to move + iu(E(r) -e0)where u(r) is the conductivity and f ( r ) is the permittivity at the point r of V , w is the frequency of the incoming wave, and eo is the permittivity of free space. The problem is to find, given 6 , the solution E of the integral equation -G(r, r') du(r') = S(r) ( 
5)
where, for every two distinct points r and r' of V , the value of G(r, r') is a three-by-three matrix and where the integration over a subset of V containing the observation point r is carried out in the principal value sense. We also assume that G(Tr, Tr') = G(r, r') ( 6 ) for all T in G. for every Tin H and r in V . If there is no symmetry at all, we change variables, if necessary, so that the scatterer lies entirely in the first octant. In this case the symmetry group is H = {I}. We let Vl be that part of V belonging to the first octant. It will turn out that the amount by which we reduce the cost of solving the scattering problem will depend on the number of transformations in the symmetry group H .
We state our simplification'of the scattering problem in the Theorem: Let G:R3 x R 3 -+ L(R3, R 3 ) be a mapping from ordered pairs of points in R 3 into the space of linear transformations of R 3 into itself, and let 7:R3 -+ R be a continuous function on a subset V of R 3 . Let H be a subgroup of G such following form.
where Vl is that part of V that I lies in the first octant. If the electric field E'induced in the scattering obstacle by an external field satisfies the equation
,etting r' = Tt', we deduce that 
y, T ( t ' g ( T t~) G ( r , T t ' ) q g ' ) =~( r )
Vl .
-T E H x (.. ll&)&TE')G(Sr, TE') and Then we observe that where 6 is assumed to depend only on 2 . Thus we define for all P in V. Note that if we define an operator LC by the rule
and an operator Ls in a similar way using (1 8), then and observe that
and From (5) and (7) we deduce that G(Sr, Tt') = G(Sr, t').
S E H S E H
Proof o f L e m m a I: Observe that 2 G(Sr, Tt') = G(TTSr, Tg') = G(TSr, E')
S E H S E H S E H
.r(r'p(r')G(r, (14) that (21) is correct. 
